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Abstract 

We present a general formulation of chiral gauge theories, which admits Dirac 
operators with more general spectra, reveals considerably more possibilities for the 
structure of the chiral projections, and nevertheless allows appropriate realizations. 
In our analyses we use two forms of the correlation functions which both also apply 
in the presence of zero modes and for any value of the index. To account properly 
for the conditions on the bases the concept of equivalence classes of pairs of them 
is introduced. The behaviors under gauge transformations and under CP transfor- 
mations are unambiguously derived. 

1 Introduction 

For the non-perturbative definition of the quantum field theories of particle physics only 
the lattice approach is available. While for QCD it is nowadays clear how to proceed, in 
the case of chiral gauge theories still quite some details remain to be clarified. To make 
progress within this respect is the aim of the present paper. In this context generalizations 
help to see which features are truly relevant. 

Starting from the basic structure of chiral gauge theories on the lattice, which has been 
introduced in the overlap formalism of Narayanan and Neuberger [1] and in the formula- 
tion of Luscher , we have recently worked out a generalization (3 . Our definitions of 
operators there have referred to a basic unitary and 75-Hermition operator. While this 
has provided a guide to many detailed results, to base the formulation on this operator in- 
troduces unnecessary restrictions. Therefore we here develop a more general formulation 
which does not rely on this operator. 

We further base our developments now on the concept of equivalence classes of pairs of 
bases which appears more appropriate than our previous use of separate classes since it 
exploits the respective freedom fully and also turns out to be more natural in view of the 
structures we find for the general chiral projections. 
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It appears worthwhile to emphasize that in contrast to other approaches we take care 
that our results also hold in the presence of zero modes of the Dirac operator and for any 
value of the index. 

In Section 2 we start with relations for the Dirac operators, removing restrictions on their 
spectra, which have been inherent in all analytical forms so far. The resulting operators 
are seen to have still realizations with appropriate locality properties and methods of 
numerical evaluation. A discussion of the locations of the spectra illustrates the respective 
new possibilities. We also introduce the generalization of the unitary operator of previous 
formulations and see its connection to the index. 

In Section 3 we derive the properties of the chiral projections for given Dirac operator, 
revealing considerably more possibilities for their structures. This derivation is based on 
the spectral representations of the operators and a careful consideration of details related 
to the Weyl degrees of freedom. 

We further express the chiral projections in an alternative form which is particularly 
useful for the study of CP properties as well as with respect to applications of generalized 
chiral symmetries of the Dirac operator. We also see that there are appropriate realizations 
of the more general chiral projections. 

In Section 4 we consider correlation functions and analyze the emerging conditions on the 
bases. We first formulate fermionic functions in terms of alternating multilinear forms. 
The requirement of invariance of these functions imposes restrictions on possible basis 
transformations. To account for this we introduce the concept of the decomposition into 
equivalence classes of pairs of bases and discuss its crucial significance. 

The relations for the chiral projections, which we find in our analysis, imply correspond- 
ing relations for the bases. This allows us to obtain a form of the correlation functions 
which involves a determinant and separate zero mode terms. It has the virtue that the 
contributions of particular amplitudes become explicit also in the general case considered. 

In Section 5 we give a general derivation of gauge-transformation properties closing a 
loophole in our previous derivation. The cases where both of the chiral projections are 
gauge-field dependent and where one of them is constant are treated separately. We 
add a discussion of perturbation theory showing the necessity of the anomaly cancelation 
condition in the continuum limit. 

In Section 6 we similarly give an improved derivation of CP-transformation properties 
and confirm certain features for the more general structures here, too. 

In Section 7 we consider some details of interest also in terms of gauge-field variations, 
which appears useful for making contact to the work of Liischer 

In Section 8 we collect some conclusions. 
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2 Dirac operator 



2.1 Spectral properties 

We consider a finite lattice and require the Dirac operator to be normal, [D\ D] = 0, and 
75-Hermitian, = 75D75. It then has the spectral representation 

D = E ^( p / + p i) + E^ 1 + A ^ p ")' 

j k 

where the eigenvalues are all different and satisfy Im Xj = and Im > 0. For the 
projections the relations 75-P/ 1 = Pj 75 = an d 75-Pfc = P/P75 hold. With this we 

have Tr( 75 P^) = Tr( 75 P^) = 0, Tr P l k = Tr P fe n = : N k and Tr Pf = : Nf. 

Presence of zero modes of D means that one of the Xj is zero, which we take to be 
that with j = 0. Since the zero-mode part of D commutes with 75, the projector on 
the respective space is of form P + + P with P having the properties described for Pj 
above. Accordingly the index of D is given by I = N$ — Nq . 

In terms of the introduced projections the identity operator can be represented by 

1 = E(^ ++i 7) + E(^+ p ")> ( 2 - 2 ) 

j k 

which implies the relation 

Tr( 75 l) = ^(iV;-iVr) = 0. (2.3) 

3 

It is to be noted that with (J2.2)) and (J2.3j) we also have 

E^/ + E^ = J2 N i + J2 Nk = l TTl=:d - (2- 4 ) 

j k j k 

2.2 Associated unitary operator 

In the absence of zero modes of D the operator V = —DD^~ l is a well defined unitary 
and 75-Hermitian operator. To include the case with zero modes we require 

D + D^V = 0, (2.5) 

in addition to unitarity and 75-Hermiticity, which fixes V up to the sign of the P + + P ~ 
term in the spectral representation. Taking the positive one we get 

V = P + + Pa" " E^ + + P i) - E (l P * + T P ?) ■ (2.6) 
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With this we obtain Tr(7 5 V) = iV + - iV ~ - Y.j^o( N t ~ N j)> which to S etner with O 
gives for the index 

/ = ~Tr( 7s n (2.7) 

i.e. still the form which in Refs. jlJE] has been seen to generalize earlier results PJEHH]- 
The negative sign for the P + + P ~ term instead leads to an operator V with Tr^V) = 0. 

In ()2.6|) the projector related to the eigenvalue —1 decomposes into projections corre- 
sponding to those associated to the different real eigenvalues of D which occur in addition 
to zero. Similarly for complex eigenvalues = the associated eigenvalues of V 

do not differ for rv ^ if = a^. Furthermore because of < < 7r the factors 
= e^ 2afe_7r ) of form e l ^ k for < fit < ft have contributions of the types (3k 1 = 2«fc' — ft 
and j3k" = tt — law while (3k = is obtained for at = ±irk- Comparing all this with the 
spectral representation 

P + + P - - P+ -Pi+Yl { eVkp l + e ~ Vkp ?) ' < Vk < ft, (2-8) 

k 

of the special case of the operator V in Refs. |U it becomes obvious that ()2.6|) resulting 
from D is within several respects a considerable generalization. 

Since the Dirac operators in Refs. |U constructed on the basis of ()2.8|) are ones 
admitting only one real eigenvalue of D in addition to zero and, as the comparison with 
(|2.6|) also shows, with restrictions of the complex eigenvalues, too, we see that not to start 
from ()2.8|) as we do here opens much more general possibilities for D. 

The classes of Dirac operators with the indicated restrictions jHE] contain as the simplest 
case Ginsparg- Wilson (GW) fermions [7] for which D is of form D = p(t — V) with a real 
constant p. Further special cases are the ones proposed by Fujikawa jH], the extension of 
them P and the various examples constructed in Ref. j3]. 

In the GW case with D = p(l — V) the explicit realization of Neuberger [TO] creates the 
unitary operator V by the normalization of another operator, namely of the Wilson-Dirac 
operator. This construction has been generalized in Ref. jl] and still more in Ref. |3] to 
apply to specific subclasses, respectively, of the general classes of Dirac operators there. 

Another type of explicit construction of V in the GW case is contained in a definition 
proposed for D by Chiu jTTj. With it, however, on the finite lattice a non- vanishing index 
is prevented by a sum rule 12j, which is the GW special case of (|2.3|) . In Ref. [13] we 
have pointed out that the respective V is of the Cayley-transform type and shown that 
on the finite lattice, this type generally does not allow a non- vanishing index, while in the 
continuum limit due to the unboundedness of D it does. 

2.3 Particular realizations 

The conditions of normality and 75-Hermiticity have been seen here to lead already to 
several general relations for chiral fermions. Further restrictions result from the connection 
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of locality and chiral properties. A definite requirement which can be formulated within 
this respect is that locality of D should imply appropriate properties of the propagator. 

In the GW case from {j 5 ,D} = p~ x D^D one gets {75, D^ 1 } = p _1 7s provided that 
D^ 1 exists, which means that the propagator is chiral up to a local contact term. This 
can also be expressed by D^ 1 + D^ 1 = p^ 1 . The generalization of the latter condition is 
D- 1 + D^ 1 = 2F where F is a local operator. To obtain a condition which applies also 
in the presence of zero modes of D we multiply this by D and getting + D*) = 
DFD^ = D^FD, which indicates that 

[F,D) = 0, F* = F, h 5 ,F] = 0. (2.9) 

To account for this we require F to be a non-singular function of D, in detail a Hermitian 
one of the Hermitian arguments DD^ and |(£) + D>), and impose the condition 1 

1(D + D') = DD' F{DD\ \{D + D f )), (2.10) 

in which F must be local for local D (with exponential locality being sufficient). 

The operators in Ref. |H| correspond to the special choice of F with the dependence 
on D^D only and with a monotony requirement which implies restriction to only one 
real eigenvalue in addition to zero. To study the choice F = F(DD^) without such a 
restriction we consider the special case of a polynomial F = *Y1?^ = qC v {DD^) u with real 
coefficients C v . The eigenvalues of D then satisfy 

M 

ReA = ^a|A| 2( " +1) , (2.11) 

which describes the location of the spectrum. From this it is obvious that A = is always 
included and that the other real eigenvalues are subject to J2^=o^\M 2u+1 = 1> which 
indicates that in this example one can have up to 2M + 1 further real eigenvalues. 

If only one of the coefficients C u differs from zero this gives the proposal of Fujikawa 
jH] (for v — the GW case) with only one real eigenvalue in addition to zero. If only 
Co and C\ are non-zero for Co > and C\ > one gets an example given in Ref. [3] still 
with only one additional real eigenvalue. However, for C\jC\ < —27/4 three different 
real eigenvalues get possible in addition to zero. Then the location of the spectrum is 
described by two closed curves, one through zero and further one surrounding it. 

An overview in the general case is obtained by putting A = re ia and noting that the 
spectral function / associated to F is a real function with the dependences f(r, cos a) and 
that ()2.10j) in terms of spectral functions reads rcosa = rf(r, cos ex). Obviously A = is 
always included in this and the other values are subject to the equation cos a — f(r, cos a). 

For the more general operators D here the constructions relying on the special case of V 
with the spectral representation (|2.8J) are no longer available. Since one cannot count on 

lr rhis differs from the GW relation {75, D} = 2D^RD with [R, D] ^ in which D is not normal. 
Though then nevertheless no eigennilpotent spoils the subspace of zero modes Jl], the effect in other 
terms remains obscure and the analysis of interest here gets not feasible. 
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the existence of explicit analytical forms, one has to find other methods which on the one 
hand side provide a theoretical description and on the other numerical approximations. 

The extension of the method of chirally improved fermions of the GW case, which 
is based on a systematic expansion of the Dirac operator, is applicable also in the case 
considered here. Indeed, the mapping of the GW equation to a system of coupled equa- 
tions there can as well be done for the more general relation 1)2.10)1 . Apart from providing 
the theoretical possibility, appropriate choices in ()2.1()j) could even be advantageous in 
numerical work. 

3 Chiral projections 

3.1 Basic properties 

We introduce chiral projections P± and P± with P± = P±, P± = P± and P + + P_ = 
P + + P_ = 1, requiring that they satisfy 

P ± D = DP T . (3.1) 

With this we get the decomposition of the Dirac operator into Weyl operators, 

D = P+P>P_ + P-DP+, (3.2) 

in which P±DP T = DP T = P±D. Furthermore, since with (J3.1)) also D^P± = P T D^ 
holds, we obtain the relations 

[P T ,D^D]=0, [P ± ,DD^] = 0. (3.3) 

3.2 Spectral structure 

Because with (j2.1)) we have the representation 

D]D = E W + p i) + E ' Afc i 2 ^ + p ")> ( 3 - 4 ) 

j k 

according to ()3.3)) the chiral projections P_ and P + decompose as 

p = E p ^' ] + E p ^ n = E p i + '~ ] + E p * ( 3 - 5 ) 

j k j k 

where Pj + '~^ arid Pj + ' ' project within the subspace on which Pf + Pj projects, while 
P^ and P^ project within that on which Pi + P^ 1 projects. 

Noting that P fc J , P fc n , 7 5 P fc : , 75P" commute with Pl + P k u } imposing the general conditions 
P 2 = P and Pt = P and according to ()3.1)) requiring P^D = DP^ we obtain the relations 

P k R = c k P\ + (1 - cfiPg - y /c(l - c k ) l 5 (e^P l k + e"^P fc n ), 

P* = c k P l k + (1 - c k )P l k l + y/c k (l - c fc ) 75 (e~^P* + e^if) , (3.6) 
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with real coefficients c k satisfying < c k < 1 and phases ip k , <fk being for c k (l — c k ) > 
subject to 

e i(w,+?,,-2« fc ) = _ x with e ia fe = Afc /|A fe |, o < a k < 7i, (3.7) 
and where we have for the dimensions 

TrP fe R = TrP* = Tr P l k = TrP fe n = N k . (3.8) 

Similarly since Pj~ and Pj commute with + Pj in accordance with (|3.1|) we arrive 
at 

P, (+ '~ } = pj +,_) for j ^ 0. (3.9) 

For the numbers of anti-Weyl and Weyl degrees of freedom N = Tr P + and N = Tr P 
we therefore obtain 

N - N = Tr P (+ ,_) - Tr P (+ ' _) , (3.10) 
which requiring N — N = I leads to 

P (+ - ) =P +, P (+H = P - (3.11) 

We next note that we now have 

N + iV = jV+ + A/-- + 2^TrPj + ~ ) + 2^iV fe for 1 = 0, (3.12) 

&0 k 

so that in view of ()2.4|) to get N + N = Tt t = 2d for 7 = we must put 

P, (+ '~ ) =P+ for jVO or pj+'-^pr for j^O. (3.13) 
For these choices we get in the general case 

N = d, N = d — I or N = d + I, N = d, (3.14) 

respectively. 
Inserting (|3.11|) and ()3.13|) into (|3.5|) we have 

p- = Po +J2 p t + E p * p + = p ° +J2 p t +Y, P * ( 3 - 15 ) 

j^O k j^O k 

which taking the traces gives for the dimensions 

N = Nq+L, N = N+ + L, L = J2 N t + J2 Nk - ( 3 ' 16 ) 

j¥o k 

Relation ()3.16|) shows that there is a L x L submatrix M of the chiral matrix M = v)Du 
from which the zero-mode parts are removed and that solely the latter can make M 
non-quadratic. 
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We see now that for given Dirac operator there is still freedom in the details of the chiral 
projections, which consists in the posssible two choices in (13.13(1 and furthermore in that 
of the coefficients c k and the phases ip k and (p k in (|3.6(1 . 

The index introduced in the Atiyah-Singer framework 16 j on the basis of the Weyl 
operator corresponds to the one defined here for the Dirac operator. Since the non-zero 
modes there come in chiral pairs, our relation N — N = I has the appearance of a 
transcription to the finite case of what one has there. However, the effects we observe for 
N + iV for different values of / here, have no counterpart there. The sum rule (|2.3(1 for 
the index of D reflects the fundamental structural difference between the two approaches 
[T7j . While in the Atiyah-Singer case the respective effects are accommodated by the 
space structure, in lattice theory (and thus in the quantized theory it is to define) the 
space structure is independent of the index. 

3.3 Alternative form 

To see further properties of the chiral projections we express them by 

P- = i(l-TfeG), P + = l -{l + G 1 ,) ) (3.17) 

which implies that G and G are unitary and 75-Hermitian operators. According to (|3.1() 
they satisfy 

D + GD^G = 0. (3.18) 
Using the relations for P_ and P + derived before we obtain the spectral representations 

g = p + + p t E ( p / + p i) + E ( e ^ p * A + e "^ p * B ) > 

jjiO k (0<</. fc <7r) 

G = P + + P ±J2(P J + + Pi)+ E (e*n A + e-*P, B ), (3.19) 

j¥*> k (0<<l> k <n) 

in which the new quantities are related to ones introduced before by 



cos (p k = a k cos ip k , sin (p k — \ 1 - a% cos 2 ip k 



cos 4> k = a k cos ip k , sin0 fc = wl - a^cos 2 v? fc , (3.20) 



where a k = 2y/c k (l - c k ), 



p k A = {hin + b\p i k i - ib k h kl5 (Pi - pi 1 )) /(hi + bD, 
Pk = {m + h 2 k p k u + ib k h kl5 (Pi - p k n ))/(ht + bD, 

P£ = ihlPl + b 2 k P? - ib k h kl5 {Pl - Pi 1 )) /(hi + b 2 k ), 

Pk = (b 2 k Pl + h\lf + ib k h kl ,{Pi - Pi 1 )) /(hi + b\), (3.21) 



8 



where b k = 1 — 2c k and 

h k = a k smip k + sin0 fc , h k = a k smfi k + sin0 fc . (3.22) 

From (j3.19j) it is seen that G = t can be obtained by choosing the lower sign of the 
j-sums and putting <fi k = 0. The latter according to (J3.20)) implies that one must have 
Cfc = | and (fk = 0. Because of ()3.7|) (fk = requires that (p k satisfies e*^ fe_2Qfe ^ = — 1. 
This and the opposite sign of the j-sum of G in (j3.19|) show that one then necessarily 
obtains G ^ t. Analogously in the particular case G = t one finds that one gets G ^ 1. 

It becomes also obvious from (j3.19|) that one has always G ^ G. This is so because 
of the opposite signs of the respective j-sums there, which to allow for a non-vanishing 
index according to (J2.3)) must not vanish. (The fc-sums in (I3.19|) can be made equal by 
putting iff, = (fik, in which case condition ()3.7|) gets e 2l ^ k ~ ak ^ = —1.) 

3.4 Special realizations 

If one puts Cfc = ~ the operators G and G commute with D, as can be seen from (j3.21|) . 
Then one also gets GG = V, where V is the general operator in (|2.6|) . This becomes 
obvious comparing (|2.5|) and (|3.18|) and noting the sign resulting according to (|3.19|) for 
the Pq + Pq term. The operators G and G then nevertheless remain still more general 
than those in Ref. 

The formulations of Refs. |2] use GW fermions, in Ref. pQ in the explicit form of 
the Neuberger operator [TOj. The chiral projections in these approaches in our notation 
correspond to the special choice G — V, G — 1. Also in the GW case a generalization of 
this has been proposed by Hasenfratz ^HJ , which in our notation is 

G = ({1- s)t + sV)/Af, G= (st + {l-s)V)/Ar, (3.23) 



with a real parameter s ^ | and Af = y 1 — 2s(l — s)(l — |(V + V"t)). This is also the 

choice in Ref. jUj with the D introduced there, as is seen switching to the related V which 
has been determined in Ref. It should be noted that for G and G satisfying ()3.23|) 
one generally has GG = GG = V. 

To obtain realizations of the more general chiral projections here the choice c k = \ is 
convenient. Then in particular the form ()3.23|) can be used inserting the general operators 
()2.6|) . Comparing ()2.5|) and (j2.10J) one gets the more detailed form 

V = t-2DF(DD\\(D + D ] )) (3.24) 

for this, which also has appropriate locality properties. 
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3.5 Generalized chiral symmetries 



In Ref. |0] Liischer has pointed out that in the GW case there is a generalized chiral 
symmetry of the Dirac operator. The results here give precise informations about the 
respective possibilities in the general case. 

To see this in detail we note that invariance of the action ipDip under transformations 
ip' = ipe l£r , ip' = e teT ip with parameter e requires that the operators F and V satisfy 

TD + DT = 0. (3.25) 

Furthermore for a chiral transformations we must have 

f t = f = f _1 , r t = r = r- 1 . (3.26) 

Now putting 

f = G 75 , r = 75 G (3.27) 

we see that G and G must be unitary and 75-Hermitian operators which satisfy (j3.18|) . 
i.e. which are identical to the quantities G and G introduced before. 

It thus becomes obvious that for given Dirac operator we get all the possibilities for 
generalized chiral transformations described by the forms of operators G and G derived 
before. It is to be emphasized in this context that one then also generally gets G^Gas 
we have seen in Section 3.3. We add here that one then also has f 7^ T, again because of 
the opposite signs of the respective j-sums in (j3.19)l . which to allow for a non- vanishing 
index according to ()2.3j) must not vanish. 



4 Correlation functions and bases 



4.1 Basic fermionic functions 

In terms of Grassmann variables non-vanishing fermionic correlation functions for the 
Weyl degrees of freedom are given by 

{Xir + l ■ ■ ■ X«JvXj r + l • • • Xjff)f — 

s r / dxN---dXi<lXN---dxi e~ xMx Xi r +i ■ ■ ■ Xi N Xj r +i ■ ■ ■ Xj>> G 4 - 1 ) 



so that putting s r = (— l) rN r ( r+1 )/ 2 we have 

N N 



(Xir+i ■ ■ ■ Xi N Xj r +i ■ ■ ■ Xjfj)f — I e ji<---,jff e h,---,iN-^jih ■ ■ ■ 1 Mj r i r - (4.2) 



' ill— >jV=l h,--.,i r =l 



The fermion field variables i\) a > and ipo are given by ip = x u ^ an d ip — U X with bases 
u a 'j and u ai which satisfy 

P_ = uu\ v)u = l w , P + = uu\ v)u = 1^, (4.3) 
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where l w and 1„ are the identity operators in the spaces of the Weyl and anti-Weyl 
degrees of freedom, respectively. Now with the fermion action xM-X = tpDip, in which 
one gets M = u^Du, we obtain from ()4.2|) for fermionic correlation functions 

(Vv+i • • • VwVw • • • ^)f = 3 Yl Yl Tl 1 .^ N Y*i...* N D &1(T1 . . . D- arar (4.4) 



U 1 . . .G r <J 1 ,...,(T r 



with the alternating multilinear forms 

N 



^o-i...cr]v ^ ] ^n,...,i N u <j\i\ • • • U a N i N : (4-5) 



ix,...,ijv=l 
N 



Tcr 1 ...cr J v — e ii,---,ijv' Uo "iii • • • Ua N3N- (4-6) 

iiv,ijv=i 



General fermionic correlation functions can be constructed as linear combinations of the 
particular non- vanishing functions (j4.4j) . Having the fermionic correlation functions, the 
inclusion of the gauge fields and the definition of full correlation functions is straight- 
forward, at least for vanishing index 1 = 0. For / ^ in Ref. [2] the question of 
/-dependent complex factors multiplying the fermionic correlation functions has been 
raised. In Ref. ^H] the importance of such factors for the magnitude of fermion number 
violating processes has been stressed. However, there has been no theoretical principle 
for deciding about them. In Refs. Ej it has been suggested that the modulus of them 
could possibly be one. This is supported by our observation that for the multilinear forms 
in f!4.4j) we have 

CT1,...,CTJV <Tl,...,<7jy 

which means that the averages of IT^...^ | 2 and of IT^...^ | 2 are equal to 1 independently 
of the particular values of of N and of N. 



4.2 Subsets of bases 

By (|4.Hjl the bases are only fixed up to unitary transformations, u^ s ' = uS, u^ s ' = 
uS. While the chiral projections remain invariant under such transformations, the forms 
Y CT1 ... CTJV and T ffl „.a« get multiplied by factors det w S and det^S", respectively. Therefore 
in order that general expectations remain invariant, we have to impose 

det w S • det^ = 1. (4.8) 

This is so since firstly in full correlation functions only a phase factor independent of the 
gauge field can be tolerated. Secondly this factor must be 1 in order that in functions 
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with more than one contribution individual basis transformations in its parts leave the 
interference terms in the moduli of the amplitudes invariant. It should be noted that in 
practice reactions involving more that one contribution are indeed of interest. 

Condition (|4.8jl has important consequences. Without it all bases related to a chiral 
projection are connected by unitary transformations. With it the total set of pairs of bases 
u and u is decomposed into inequivalent subsets, beyond which legitimate transformations 
do not connect. These subsets of pairs of bases obviously are equivalence classes. Because 
the formulation of the theory must be restricted to one of such classes, the question arises 
which choice is appropriate for the description of physics. 

Different ones of the indicated equivalence classes are related by pairs of basis transfor- 
mations S, S for which 

det w S • det^ = e i6 with 0^0 (4.9) 

holds. The phase factor e* e then determines how the results of the formulation of the 
theory with one class differ from the results of the formulation with the other class. 

4.3 Relations for bases 

The relations between the chiral projections as well the as the decompositions of them 
which we have found lead to corresponding properties of the bases. To work this out we 
note that with Q and fl33J) we have DD^P k R = |A fc | 2 P fc R , which using D^P* = P k R D^ 
(obtained from ()3.1|) ) becomes 

P k R = \\ k \- 2 DP*D^. (4.10) 
Putting P R = Ym^i u i u i * n this we see that 

uf ] =e~ ie *\\ k \- l Duf ] (4.11) 
with phases gives the representation P R = Yl^i w[ «j . Furthermore, for Pp = 
J2i=i uf^uf^ = J2i=i uf^uf^ with j using ()2.1|) we have with phases 0^ 

uf m = e* i t\\ j \- 1 Dut®. (4.12) 

With (j4.11j) and ()4.12j) it becomes obvious that the L x L submatrix M of the chiral 
matrix M = u^Du, from which according to (jH.lfij) the zero modes are removed, has the 
eigenvalues 

e i6 *|A fc |, e l0 f\\ 3 l (4.13) 

with multiplicities Np. and i\T- , respectively. Its determinant in the subspace thus is 

det L M = n^i^-D^ n^i^D^- ( 4 - M ) 

j^O k 

The zero mode parts are described by P = J2i=l+i u i u I an< ^ = J2i=l+i u i u Ii 
where the numberings with I > L are chosen for later notational convenience. Because of 
DPq = DPq = these bases satisfy Dui = and Dui = 0. 
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4.4 Correlation functions with determinant 

Using the bases of the preceeding Subsection to work out the combinatorics in (|4.2JI and 
denoting the eigenvalues of M by Ai we obtain 2 

ir+i ■ ■ ■ XijvXjV+i • • • Xjff/i 

i r _i_i,...,ii=i 

for L > r (where for L = r the A factors and the sum are absent), while for L < r the 
function vanishes. With this we find for the correlation functions (|4.4jl 

lib ib ib- )t= V e ^+ 1 -' 7 ^ V c ^+i-^ i n , _, 

\rirr+l • • • ro-jv r<r r +i • • • "PCTjv/t / ,, c <J r+ i...<j J v / v c a r+ i...<r s (L-r)\ ^"r+i'Vfi ' ' ■ 



. . . e . . . u ffivi v u[ +1 - L+i . . . u ] R ._ det L M (4.16) 

for L > r (where for L = r the Q factors, for L = N the u factors and for L = N the u 
factors are absent), while for L < r the function vanishes. In Q = P_I) _1 P + = P^D^ 1 = 
D~ 1 P + the operators D, P_, P + are the restrictions of D, P_, P + , respectively, to the 
subspace on which 11 — P + — P ~ projects. It should be noticed that for given numbers of 
%b and r/> fields, the numbers of zero modes decide which types of contributions do occur. 

The equivalence class to which the chosen pair of bases belongs is characterized by the 
value of 

N ^ + E N M + °t - ST, (4-17) 

k j^O 

where (9+ and 6~ are the phases related to the zero modes which we have introduced to 
keep 1)4.16)1 general. The introduction of phases suffices in this context since a general 
unitary matrix S in N dimensions with det S = e 10 can be expressed by the product of 
the matrix e t9 ^ N t and of the unimodular matrix Se~ t9 ^ N which is irrelevant here. 

In the absence of zero modes of D, where N = N and 1 = 0, the general form (j4.16j) 
simplifies to 

(Vv+i • • • VwVWi • • • Vw)f = E e ^r+^r+i • • • det^M (4.18) 

with £ = P_D~ 1 P + and det^M = (l) f . 

2 Note that e!-i'"'^ = 1, — 1 or if i\,...,i r is an even, an odd or no permutation of ji,...,j r , 
respectively, with the special case ej 1 ,...j N = j N ■ 
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5 Gauge transformations 



5.1 Non-constant chiral projections 

A gauge transformation D' = TDT^ of the Dirac operator by 1)3.1)1 . or by f)3.18j) and 
(13. 17)1 . implies the corresponding transformations 

P'_ = TPJT\ P' + = TP+T^ (5.1) 

of the chiral projections. We first consider the case where [T, P_] ^ and [T, P + ] ^ 0, 
i.e. where G ^ 1 and G ^ 1. 

To get the behavior of the bases it is to be noted that the conditions (j4.3)) must be 
satisfied such that the relations ()5.1)) hold. It is obvious that given a solution u of the 
conditions 1)4. 3)) . then Tu is a solution of the transformed conditions f)4.3jl . All solutions 
are then obtained by performing basis transformations. 

In addition (J4.8j) is to be satisfied, i.e. these considerations are to be restricted to an 
equivalence class of pairs of bases. Accordingly the original class uS, uS and the trans- 
formed one u'S', u'S' are related by 

u'S' = TuSS, u'S' = TuSS, (5.2) 

where u, u, S, S satisfy (j4.3j) and ()4.8j) . respectively, and u', u', S', S' their transformed 
versions. For full generality we have also introduced the unitary transformations S(T,U) 
and S(T,U) obeying 

det w 5(l,W)(detw«S(l,W))* = l, (5.3) 

det w (5(T a ,W)5(T b ,r a WTj))(det # (5(T a ,W)5(r b ,T a WT a t)))* 

= det w S(T b T a , %%UT a ^) (det # 5(T b T a , %%UTjT^ *, (5.4) 

for which 

det w S ■ det # S f = e^ T (5.5) 

with dq- ^ for T ^ 1 is admitted. Obviously for ^ (J5.5)) has just the form ()4.9)1 
corresponding to the transformation to an arbitrary inequivalent subset of pairs of bases, 
so that it ultimately cannot be tolerated. Such transformations are, on the other hand, 
also excluded by the covariance requirement for Liischer's current, as will be shown in 
Section 7. 

Inserting (J5.2j) into (j4.4j) we get for the correlation functions 
(^,...^^,...^ = 

e « r Yl v 1 ...T CTW (^ 1 ...^ 1 ...^) f ^Ur--^U' (5 - 6) 

indicating that they transform gauge-covariantly for = 0. 
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5.2 One constant chiral projection 



In the special case G ^ t, G = 1, where P + is constant, the equivalence class of pairs of 
bases always contains members where P + is represented by constant bases. Indeed, given 
the pair u, u, one can introduce a constant basis u c for which u = u c S y holds. Then 
transforming u as u = u y S y , where S Y is subject to det^y = det^S^, according to (|4.8j) 
the pair u y , u c is in the same equivalence class as the pair u, u. 

For a transformed pair u', v! we analogously get the equivalent pair u' , u c . Then instead 
of (|5.2j) we have 

u' y S' = Tu y SS, u c S c = const, (5.7) 

where S and S c as well as S' and S c satisfy ()4.8|) so that det w 5" = detwS* holds. We 
furthermore note that because of [T, P + ] = we can rewrite u c as 

u c = Tu c Sr (5.8) 

where St is unitary. Insertion of (|5.7|) and (|5.8|) into (|4.4jl observing ()4.8|) gives again the 
form (|5.6J) . however, with 

e^ T = det w 5 ■ det^S r . (5.9) 

The factor det w 5 in (|5.9|) again corresponds to a transformation to an arbitrary inequiv- 
alent subset of pairs of bases, which ultimately is to be excluded, while 

detwSr = detw (u\Tu c ) (5.10) 

is a constant which we can calculate. For the evaluation of f)5. lUj) we note that with 
[T, P + ] = and T = e B we get u]Xu c = u\e BP+ u c and the simultaneous eigenequations 
BP+u^ = ujjiij and P+u^ = u^. Since the eigenvectors u d are related to the basis u c by 
a unitary transformation, u d = u c S, we get det^(ule BP+ u c ) = Ylj eWj — ex P(Tr(RP + )), so 
that using P + = |(1 + 75)1 we arrive at 

det^S T = exp(iTrS) (5.11) 
(where in detail Tr£> = 4z^ n£ 6^tr g T f with constants b e n and group generators T l ). 

5.3 Perturbation theory 

Since in continuum perturbation theory the anomaly cancelation condition is needed to 
get gauge invariance of the chiral determinant, it is to be checked whether this holds in the 
continuum limit for the lattice approach, too. A respective analysis has been presented 
in Ref. |S| of which we here briefly repeat some main points. 
Putting M = Mq + Mi we get on the lattice the expansion 

00 

deW w M = (l + ^ z t J deW w Mo, (5.12) 
t=\ 
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I f , V+r i-r+1 e-r+1 

* = E^- £■■■£ W + » >•■>. (5-13) 

r=l r - Pl =l Pr =l Pl Pr 

t p = Tr((D^M) p ), M = u Q Mjul (5.14) 

with fermion loops t p , free propagators Dq 1 and vertices .M. With D = D + w = 
Uq + Mi and u = u + u\ the vertices decompose as 

M = P+oA-P-o + uqu\DuiuI + u q u\DP_q + P +0 Duiu j Q . (5.15) 

In the detailed discussion of the limit the survival of terms only at zero and at the 
corners of the Brillouin zone plays a central role. It turns out that in the limit P + o and 
P_o of the first term on the r.h.s. of ()5.15j) can be replaced by ^(1 + 75) and |(1 — 75), 
respectively. The other terms relying on u\ and u\ are found to vanish because the related 
projections get constant. 

Since in the limit the terms vanish, the compensating effect of which on the finite lattice 
provides gauge invariance of the chiral determinant, in any case this invariance gets lost. 
Furthermore, then obviously also the particular cases with one constant chiral projection 
are no longer distinct. 

For the surviving contributions the agreement with usual perturbation theory is obvious 
at lower order. Considering higher orders not all Dirac operators can provide the appro- 
priate results, as an example in Ref. j20] shows. Since the operator of this example is 
non-local, it can be expected that with the locality imposed in (|2.10|) the usual expansion 
is reproduced to any order, a proof of which remains, however, to be given. 

For appropriate Dirac operators in the limit arriving at the usual structure of the expan- 
sion, clearly the anomaly cancelation condition is needed in order that a gauge-invariant 
continuum limit can exist. 



6 CP transformations 

With the charge conjugation matrix 3 C and with V n ' n = 5^, h , = Ul h and C/^f = 
U* t for k = 1, 2, 3, where ft = (—n, ru), we have 

fe,n— k 

D(U CP ) = WD T (U)W\ W = P74C 4 , (6.1) 

in which T denotes transposition and where = W _1 . The behavior of D by (j3-H) 
implies for P_ and P + the relations 

P CP (U CP ) = WP*(U)W\ pc p (U CP ) = WP T (U)Wl (6.2) 

3 C satisfies Cj^C" 1 — — 7J and C T = — C. Using Hermitian 7-matrices with 7J = (— 1)^7^ for 
/1 = 1, . . . , 4 we choose C — 7274 and get 7J = 75 and [75, C] = for 75 = 71727374- 
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Using / = Tr P + — Tr P one gets 7 CP = —I for the index. 
To see more details we consider the form ()3.17j) . 

P + (U) = i(l + G(W) 75 ), P-{U) = i(l - 75 G(W)), (6.3) 

which inserted into ()6.2|1 using {75, W} = gives 

P CP (U CP ) = hl- l5 WG T (U)Wi), pc p (U CP ) = l(l + WG T (U)W^ 5 ). (6.4) 

From dnHD by (|B~TH|) one gets WG T {U)W ] = G(U CP ) and WG T (W)W t = G(U CP ), so 
that ()6.4|) becomes 

P CP (W CP ) = J (1 - 75 G(W CP )), P + CP (W CP ) = i(l + G(W CP ) 75 ). (6.5) 

Obviously this differs from the untranformed relation (|6.3|) by an interchange of G and 
G. Because generally G 7^ G holds, as we have shown in Section 3, one cannot get the 
symmetric situation of continuum theory. 

In the discussion of CP properties in Ref. introducing the special form ()3.23|) in the 
GW case, it has been noted that this form gets singular for s = 1 so that the symmetric 
situation cannot be obtained. In the investigations of CP properties in Ref. [Oj, using the 
form ()3.23|) together with some more general D, a singularity has been encountered if a 
symmetric situation has been enforced. In view of our general result that always G 7^ G 
this does not come as a surprise. The interchange of parameters under CP transformations 
in Ref. [H] corresponds to the interchange of G and G in the general case here. 

With the basic conditions ()4.3|) and ()4.8|) being satisfied by u, u, S, S as well as by u CP , 
u CP , S CP , S CP , the equivalence classes of pairs of bases transform as 

u CP S CP = Wu*S*S ( , u CP S CP = Wu*S*S ( , (6.6) 

where the additional unitary operators and 5^ have been introduced for full generality. 
Inserting ()6.6|) into ()4.4|) gives for the correlation functions 

e ^ C P Y> J2 Wl^.-.Wl^ (^...^...^14/^...^. (6.7) 

ai,...,a R <Ti,...,<Tjj 

where 

= det*S c ■ det w Sl (6.8) 

This factor is subject to the condition that repetition of the transformation must lead 
back, which is satisfied by restricting and to choices for which $cp is a universal 
constant. Then the factor e 41?CP gets irrelevant in full correlation functions so that, without 
restricting generality, one may put $cp = 0. 

The discussion in Ref. jO] has been based on a generating functional the content of which 
is similar to the respective special case of (J4.16)) . It does not account for the restrictions 
due to the number of zero modes explicit in (j4.16|) . The non-unimodular transformation 
applied to it is not appropriate [3 . Instead of ()6.6|) a respective relation without the basis 
transformations has been used. 
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7 Variational approach 



7.1 General relations 

We define general gauge-field variations for a function (f>(U) by 

d<f>(U(t)) 



5<p(U) 



dt 



U»(t) = e^ru.e-^, (7.1) 
t=o 



where (W M ) n 'n = U^ n 5%^ n+fl and (SjT ft/right )„' n = S^ /nsht ^ / n . The special case of gauge 
transformations is then described by 

gleft = gright = £ ( 7 _ 2 ) 

To see the consequence of the general condition ()4.8|) we vary its logarithm which gives 

Tr w (S*5S) - Tr^SS) = 0. (7.3) 

Instead of det w S" • det^S'''' = 1, as needed for reactions with more than one contribution, 
(|7.3j) reflects the weaker condition detwS" • det # S^ = const. Relation ()7.3|) can also be 
expressed in terms of bases as 

Tr(8(uS)(uSY) - Tr(S(uS)(uSY) = Tr(<W) - Tr(8utf), (7.4) 

which indicates that Tr(<5w «"!") — Tr^uu^) remains invariant within the extended equiva- 
lence class of pairs of bases specified by detwS" • det # S^ = const. 

Applying variations to the basic conditions ()4.3j) one can derive many relations. All 
of such relations are weaker conditions than the original ones. A particular example, 
considered in Ref. 0, is the relation 

Tr(P_[5iP_,5 2 P_]) = 6 1 Tr(6 2 u w f ) - 5 2 Tr(5 lW u t) + Tr(S [2>1] u «t), (7.5) 

for which we have generators flgg,, Bffi and Bj*, and B^ } ), [B 1 ^, fljg*]. 

We emphasize that (|7.5jl follows solely from P = uu\ v)u = l w and is not subject to 
further restrictions. 

In the special case where zero modes of D are absent and where its index is zero one 
can consider the effective action and obtains for its variation 

51ndeW w M = Tr (P^D^SD) + Tr(cW) - Tr(cW). (7.6) 

Because of (|7.4|) this is invariant within the respective extended equivalence class of pairs 
of bases. It is to be noted that in the presence of zero modes no longer only variational 
terms of type ()7.4|) occur for the bases, as is obvious from (|4.16j) . 
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7.2 Gauge transformations 

In the special case of gauge transformations we can use the definition (|7.1|> and the finite 
transformation relations to get the related variations. For operators with 0{U(t)) = 
T(t) O(W(0)) T\t) and T(t) = e tB this gives 

5 G = [B,0]. (7.7) 

For the bases in the case [T, P_] 7^ 0, [T, P + ] 7^ according to (|5.2j) we have ■u(t) = 
T(t)u(0)S x (t), u(t) = T{t)u{0)S x {t) where S x = SS3'\ S x = SSS'^ and obtain 

5 G u = Bu + uS x 5 G S x , 5°u = Bu + uSl5 G S x . (7.8) 

With these relations the terms in the effective action become 

Tr(P_D- 1 5 G D) = Tr(£P+) - Tr(£P_), (7.9) 

Tt(S g u vf) = Tr (BP-) + Tr w (S x 5 G 5 X ), Tr(5W) = Tr(RP+) + Tr # (S x 5 G S X ), (7.10) 
so that using (|7.3J) we obtain 

5 G IndeWM = Tr w (<S+ 5 G S) - Tr*(& 5 G S). (7.11) 
In the case [T, P_] 7^ 0, [T, P+] = according to (|5.7jl we get instead of (|7.8jl 

5 G w y = Bu y + u y Sld G S x , 5 G w c = 0, (7.12) 
which with ((721) and P+ = ±(1 + 75)! gives 

5 G lndet #w M = Tr w (SU G S) + ^Tr( 75 i3). (7.13) 

Thus we have the results expected according to those for finite transformations. Ex- 
cluding transformations S and S which arbitrarily lead to inequivalent subsets of pairs 
of bases here means that the terms involving 5 G S and S G S do not contribute. The latter, 
on the other hand, will be seen below to follow also from the covariance requirement for 
Luscher's current. 

7.3 Special case of Liischer 

Luscher [2] considers the variation of the effective action and assumes 6P + = and Su = 
so that the last term in (|7.6J) is absent and condition ()7.3j) reduces to Tr(Sft5S) = 0. With 
the term Tr(Suu^) he defines a current j^n by 

Tr(5uu f ) = -i^tr g (?7 Mn j^ n ), SU^ = rj^U^, (7.14) 
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and requires it to transform gauge-covariantly. 

His generator is given by r^ Mn = B^ + ~ — U^B^^U^ in terms of our left and right 
generators. We get explicitly 

j[in = i(U^nP^in + p\rJ^\n)i Pfin,a'a = ^~] U jg ot/ ■ (7-15) 

The equirement of gauge- covariance = e Bn +^i iin e~ Bn +^ because of U' = e Bn+il U^ n e~ Bn 
implies that one must have 

P'»n = Z Bn p^- Bn+il , (7.16) 

which with v! = TuSSS', Tr w (S'8S) = and Tr w (S"^5") = leads to the condition 

. , u '- J [iri,a:a' 

From this and S^ 1 = S* 1 it follows that 

Ty{SU g S) = 0. (7.18) 
Thus with ()7.13|) in the special case considered by Liischer one obtains the definite result 

5 G lndeWlf = iTr( 75 £0, (7.19) 

which leaves no freedom for changing gauge-transformation properties by a particular 
construction. 

Relation (J7.18|) shows that a transformation to an inequivalent subset of bases is also 
excluded by the covariance requirement for Liischer's current. This extends to the case 
where both chiral projections are non-constant, too, since also introducing a current 
related to u the covariance of — leads to Tr(iS^ G iS) — Tr(<St<5 G iS) = 0. 



8 Conclusions 

To make progress with the non-perturbative definition of quantized chiral gauge theo- 
ries we have generalized previous formulations and investigated which features are truly 
relevant and which properties are indeed there. 

Starting with relations for the Dirac operators we have removed the restriction to one 
real eigenvalue in addition to zero and similar restrictions on the complex eigenvalues, 
which have been inherent in all analytical forms so far. A discussion of the locations 
of the spectra has illustrated the respective new possibilities. The generalization of the 
unitary and 75-Hermition operator of previous formulations has turned out to be again 
connected to the index. 

The more general Dirac operators have been seen to have still realizations with appro- 
priate locality properties. For their numerical evaluation an extension of the method of 
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chirally improved fermions is suitable. The additional freedom of these operators could 
possibly be advantageous for numerical work. 

We have derived the properties of the chiral projections for given Dirac operator using 
the spectral representations of the operators and carefully considering the requirements 
related to the Weyl degrees of freedom. It has turned out that there are considerable 
possibilities for their structure. Nevertheless generally definite relations between Weyl 
and anti-Weyl projections and a decomposition into subspaces revealing the special role 
of zero modes have been found. 

Expressing the chiral projections in an alternative form it has become obvious that the 
symmetry between the Weyl and anti-Weyl cases known in continuum theory can generally 
not be there. This, in particular, affects the behavior under CP transformations. Using 
the alternative form it has also been seen that there are appropriate realizations of the 
more general chiral projections. 

We have further pointed out that the operators occurring in the alternative form of 
the chiral projections on the other hand provide generalized chiral symmetries of the 
Dirac operator. Thus there is generally a whole family of such symmetries. Furthermore 
accordingly the respective left and right transformations are generally different. 

We have considered fermionic correlation functions in terms of alternating multilinear 
forms in order that our results also apply in the presence of zero modes of the Dirac 
operator and for any value of the index. The requirement of invariance of these functions 
imposes restrictions on possible basis transformations. To account properly for this we 
have introduced the concept of the decomposition into equivalence classes of pairs of Weyl 
and anti-Weyl bases. 

The indicated concept of pairs not only exploits the respective freedom fully but is also 
natural in view of the relations between the Weyl and anti-Weyl projections which we find 
in our analysis and which imply corresponding relations for the bases. We have stressed 
that to describe physics one of the equivalence classes of pairs of bases is to be chosen 
and that the questions arises which choice is appropriate. 

The relations between the Weyl and anti-Weyl bases together with the decomposition 
into subspaces we have found has allowed us to obtain a further form of the correlation 
functions which applies also in the presence of zero modes and for any value of the index. 
It involves a determinant and separate zero mode terms and has the virtue that the 
contributions of particular amplitudes become explicit also in the general case considered. 

We have given a completely unambiguous derivation of the gauge-transformation prop- 
erties of the correlation functions. In the case where both of the chiral projections are 
gauge-field dependent the exclusion of switching to an arbitrary inequivalent subset of 
pairs of bases leads to gauge covariance. In the cases where one of the chiral projections 
is constant a factor depending on the particular gauge transformation remains. 

It has been noted that switching to an arbitrary inequivalent subset is also excluded by 
the covariance requirement for Liischer's current. Thus obviously gauge-transformation 
properties on the finite lattice are fully determined. It has been emphasized that in 
the continuum limit one nevertheless arrives at the usual situation where the anomaly 
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cancelation condition is needed for gauge invariance of the chiral determinant, pointing 
out that in the limit the compensating effects of the bases are no longer there. 

We have similarly given an unambigous derivation of CP-transformation properties of 
the correlations functions. It has been seen that also for the more general chiral projections 
one cannot get the symmetric situation with respect to CP transformations known in 
continuum theory. 

Finally we have considered some issues of interest also in terms of gauge-field variations. 
After making certain relations precise we have turned to the variation of the effective 
action. We have then shown that requiring gauge covariance of Luscher's current prevents 
switching to inequivalent subsets of pairs of bases. Since thus there is no freedom for 
changing gauge-transformation properties by a particular construction, the respective 
efforts in literature actually cannot work. 
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